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Abstract. As a consequence of a more general statement proved in the paper, it is deduced that, if n ≥ 1, and a j > 0, j = 1, 2, . . . , n, then n j=1
with equality if and only if a 1 = a 2 = · · · = a n . This is a new refinement of Carleman's classic inequality.
Introduction
Let P stand for the group of positive sequences x : N → (0, ∞) under the operation of pointwise multiplication. Fix w ∈ P, and let s be the corresponding sequence of partial sums defined by s i = w 1 + w 2 + · · · + w i , i = 1, 2, . . . . With each a ∈ P, associate the sequence g(a) of weighted geometric means of a defined by
The title of the paper refers to the following theorem:
In other words, if a belongs to 1 (w), the weighted 1 -space of complex sequences z, for which
, and ||g(a)|| w ≤ e||a|| w .
It would appear from Hardy's own account given in [4] , that (1) was first discovered by Pólya, who brought it to Hardy's attention. In any event, following a suggestion made to him by Pólya, which he acknowledges in [4] , Hardy obtained (1) by applying a limiting process to his ground-breaking result (that he established in the same paper) to the effect that, if p > 1, then the Cesàro operator C given by
. Curiously, and somewhat ambiguously, Hardy claimed, without proof, that the constant e in (1) is best possible; but, significantly, this remark is not repeated in [5] .
In particular, taking w i = 1, i = 1, 2, . . . , we obtain an elegant inequality due to Carleman, which arose in his study of the class of quasi-analytic functions [2] , viz., for all a ∈ P,
Furthermore, the constant e is certainly the smallest possible here, as can be seen by noting that
in the sense of asymptotic equality. Not surprisingly, the Carleman-Hardy-Pólya inequality (1), and its antecedent (2), have evoked much interest over the years, and each has been extended in a variety of ways by a host of authors. An account of several interesting proofs of inequality (2), its continuous analogue and various refinements and generalizations of it, enlivened with some enlightening historical remarks, can be found in [3] , which also contains an extensive bibliography referencing these investigations. In addition, the beautiful memoir by Bennett [1] contains, inter alia, more information about these inequalities, and further developments of them.
Our interest in the matters discussed here was re-ignited recently by a paper of Kedlaya [8] who derived (1) from a weighted version of another extension of Carleman's inequality that he proved in [7] , which had been conjectured by the author [6] . (Subsequently, it came to light that two stronger forms of this had been stated, without proof, much earlier by Nanjundiah [9] .) Kedlaya proved (1) under the (unnecessary) assumption that the sequence sw
is non-decreasing, clearly unaware of the earlier work by Hardy and Pólya, and expressed surprise that the constant was independent of w. This led me to speculate that a much stronger assertion than (1) may be true under this additional monotonicity requirement. The purpose of this paper is to confirm this.
The main theorem
Theorem 2.1. If sw −1 is non-decreasing, then, for all a ∈ P, and all n ∈ N,
Moreover, equality occurs in (4) if and only if a 1 = a 2 = · · · = a n . Conversely, if (4) holds for all a ∈ P, and all n ∈ N, then sw −1 is non-decreasing.
Proof. Suppose sw −1 is non-decreasing. Let a ∈ P. Fix n ∈ N, and, for convenience, denote g j (a) by g j . As a function of a 1 , a 2 , . . . , a n , the expression on the left-hand side of inequality (4) is homogeneous of degree zero, so it's enough to prove that the inequality holds when n j=1 w j g j = 1, a condition we now impose. Assuming this, and using the convexity of the function
we see that
and so g
whence, bearing in mind that
and that
whenever a, b ≥ 0 and 0 ≤ α ≤ 1, we deduce that
Thus (4) holds. Next, we consider the case of equality in (4). Evidently, equality holds if a 1 = a 2 = · · · = a n . Conversely, if equality occurs for some n, and some a ∈ P, then, in the presence of the normalization n j=1 w j g j (a) = 1, which we're entitled to make, all signs of inequality in statements (5) through to (8) , other than in (7), become signs of equality, and so, in particular, there is equality in (6) . But f is continuous and strictly convex. Hence
whence it follows easily that a 1 = a 2 = · · · = a n . Conversely, if (4) holds for all a ∈ P, and n ≥ 2, then, setting a i = 1, i = 1, a n = x > 0, we have that
Thus sw −1 is non-decreasing. This completes the proof.
Two corollaries and an example
We draw a number of conclusions, the first of which is obtained by taking w to be the identity in P; it yields a new variant of Carleman's inequality for finite sequences.
Corollary 3.1. For all a ∈ P, and any n ≥ 1,
with equality if and only if a 1 = a 2 = · · · = a n .
Another simple and immediate consequence of inequality (4) follows by dropping the second term from its left-hand side. It provides information about the constant in the generalisation of Carleman's inequality due to Hardy and Pólya.
Corollary 3.2. If sw
−1 is non-decreasing, a ∈ P, and n ≥ 1, then
Moreover, if
and a ∈ 1 (w), then g(a) ∈ 1 (w), and ||g(a)|| w < c K ||a|| w , where
Note that inequality (9) is false in general. To see this, refer to (3), and choose n sufficiently large so that
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Define w j = 1, j = 1, 2, . . . , n, w j+1 = s j , j ≥ n, and take a j = 1/j, j = 1, 2, . . . . Then, for this n, and this a,
w j a j , in opposition to (9) . Thus we cannot dispense with the monotonicity condition. We end with a simple illustrative example.
Example 3.3. Suppose r > 1, a ∈ P, and
The constant r 1/(r−1) is best possible.
Proof. We apply the second corollary with : n ∈ N} = 1 r − 1 .
The stated result follows. To see that no smaller constant works, let a j = r 1−j , j = 1, 2, . . . , n; a j = 0, j = n + 1, n + 2, . . . . Then ∼ r 1/(r−1) n, as n → ∞. Hence the constant of the inequality cannot be replaced by a smaller number.
In conclusion, I wish to record my thanks to the referee for his/her perceptive remarks, and for drawing my attention to [3] .
